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Hidden Markov model as a probabilistic program
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p(zn+1 |x0, x1, ⋯, xn) = ?Inference problem:

z0 = sample Bernoulli(.5) 
observe x0 from emit(z0) 

z1 = sample step(z0)
observe x1 from emit(z1) 

z2 = sample step(z1) 
observe x2 from emit(z2) 

... 

z101 = sample step(z100) 
return z101

# recursive & probabilistic
def hmm(z0, data) = 
  case data of 
  | nil => return z0 
  | cons x xs => 
    y = hmm(z0, xs) 
    observe x from emit(y) 
    z = sample step(y) 
    return z

# recursive & pure
def hmm(k, z0, data) = 
  case data of 
  | nil => k(z0) 
  | cons x xs => 
    let k’ y = 
      emit(y).p(x) * 
      Σz (step(y).p(z) * k(z)) 
    in hmm(k’, z0, xs)⟿MAPPL

Our Approach

Easy modeling Scalable compilation Scalable inferenceCorrect compilation

Marginalization by enumeration:   time complexityO(2n)
p(x0, x1, ⋯, xn, zn+1)
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p(z0, x0, z1, x1, ⋯, zn, xn, zn+1) marginalize out z0, z1, z2, ⋯, zn

table of  rows2n+1

Factorization as program partitioning via information-flow typing

∑
z0

e0⟿
Variable elimination amounts to incrementally compiling away probabilistic effects pure

z0 = sample Bernoulli(.5) 
observe x0 from emit(z0) 

z1 = sample step(z0)
observe x1 from emit(z1) 

z2 = sample step(z1) 
observe x2 from emit(z2) 

... 

z101 = sample step(z100)
Low partition
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z0 = sample Bernoulli(.5) 
observe x0 from emit(z0) 
z1 = sample step(z0)

observe x1 from emit(z1) 
z2 = sample step(z1) 
observe x2 from emit(z2) 
... 
z101 = sample step(z100)

partition over z0

💡Information flows from step(z0) to the distribution over z1’s values.

   Doesn’t information flow from step(z0) to z1? 🤔

But z1’s value in an execution trace contributes zero information to the 
semantics of the program.

Crucial for program partitioning

probabilistic

Typing rule for variable bindings 
in MAPPL

Information-flow typing of distributions

Γ ⊢ let x = t1 in t2 : τ2

Γ, x : τ1 ⊢ t2 : τ2Γ ⊢ t1 : τ1
l1

l2

l1 l2Typing rule for variable bindings 
in a usual information-flow type 

system

        is a distribution, and     classifies[[t1]] [[t1]]l1

L

Distribution                                is obtained by marginalizing out     w.r.t.x[[let x = t1 in t2]] [[t1]]

Γ ⊢ let x = t1 in t2 : τ2

Γ, x : τ1 ⊢ t2 : τ2Γ ⊢ t1 : τ1
l1

l1 ⊔ l2

l2

Scalability of compilation
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Compilation time does not change with problem size

SlicStan

MAPPL

Compilation time increases as problem size increases

Scalability of exact inference
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Figure 9. Scaling plots comparing exact-inference methods on recursive programs.

Scalability of exact inference: HMMs, PCFGs, and CRBD. We compareM���� and PERPL [15]
on recursive programs. PERPL represents a state-of-the-art approach to exact inference for recursive
programs, compiling them to factor graph grammars [16] and then to systems of equations.

The benchmarks are the HMM in Figure 1a, a hierarchical HMM, a second-order HMM, the PCFG
in Figure 1c, a PCFG with 6 nonterminals and 12 productions, and a discrete-time phylogenetic
model. The phylogenetic model generates phylogenetic trees under the constant-rate birth–death
(CRBD) assumption. This CRBD model is similar to the PCFGs in that it uses recursion (as opposed
to iteration) and exhibits stochastic control �ow [58].
Figure 9 shows how the inference running time scales as the size of the inference problem

increases. Compilation time is not measured, as it does not vary with the problem size for either
M���� or PERPL. As PERPL uses a Python back end, to allow a fair comparison, compiledM����
programs are further compiled to Python. We use enumeration-based exact inference implemented
in Pyro [10] as an additional baseline on some benchmarks; it leads to exponentially increasing
running time and runs out of memory quickly on all benchmarks.

On the two HMMs, PERPL leads to running time superlinear in the problem size, whereasM����
recovers the linear-time forward algorithm for HMMs. For an observed sequence of length 30,
PERPL inference takes over 1 minute, whileM���� inference takes 1.5 seconds. On the two PCFGs
and the CRBD model, PERPL also scales less favorably thanM����. We note that PERPL supports
unbounded recursion and thus allows the PCFG and CRBD models to be speci�ed in a more
declarative way. For example, the CRBD model in PERPL, though complicated by PERPL’s linearity
restriction, uses an almost surely terminating function to generate the waiting time until the next
speciation or extinction event, whereas theM���� version uses a geometric distribution truncated
at the remaining time steps to ensure termination.

We also assess, with the PCFGs, the performance implications of the information-�ow analysis.
Speci�cally, we evaluate the performance of a version of M���� with command factorization
disabled (M����#). Disabling factorization means that the VE compilation has to assume correlation
between the subparses of a nonterminal, thereby hindering the discovery of recurring substructure
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Scalability of exact inference: HMMs, PCFGs, and CRBD. We compareM���� and PERPL [15]
on recursive programs. PERPL represents a state-of-the-art approach to exact inference for recursive
programs, compiling them to factor graph grammars [16] and then to systems of equations.

The benchmarks are the HMM in Figure 1a, a hierarchical HMM, a second-order HMM, the PCFG
in Figure 1c, a PCFG with 6 nonterminals and 12 productions, and a discrete-time phylogenetic
model. The phylogenetic model generates phylogenetic trees under the constant-rate birth–death
(CRBD) assumption. This CRBD model is similar to the PCFGs in that it uses recursion (as opposed
to iteration) and exhibits stochastic control �ow [58].
Figure 9 shows how the inference running time scales as the size of the inference problem

increases. Compilation time is not measured, as it does not vary with the problem size for either
M���� or PERPL. As PERPL uses a Python back end, to allow a fair comparison, compiledM����
programs are further compiled to Python. We use enumeration-based exact inference implemented
in Pyro [10] as an additional baseline on some benchmarks; it leads to exponentially increasing
running time and runs out of memory quickly on all benchmarks.

On the two HMMs, PERPL leads to running time superlinear in the problem size, whereasM����
recovers the linear-time forward algorithm for HMMs. For an observed sequence of length 30,
PERPL inference takes over 1 minute, whileM���� inference takes 1.5 seconds. On the two PCFGs
and the CRBD model, PERPL also scales less favorably thanM����. We note that PERPL supports
unbounded recursion and thus allows the PCFG and CRBD models to be speci�ed in a more
declarative way. For example, the CRBD model in PERPL, though complicated by PERPL’s linearity
restriction, uses an almost surely terminating function to generate the waiting time until the next
speciation or extinction event, whereas theM���� version uses a geometric distribution truncated
at the remaining time steps to ensure termination.

We also assess, with the PCFGs, the performance implications of the information-�ow analysis.
Speci�cally, we evaluate the performance of a version of M���� with command factorization
disabled (M����#). Disabling factorization means that the VE compilation has to assume correlation
between the subparses of a nonterminal, thereby hindering the discovery of recurring substructure
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Recovers the linear-time “forward 
algorithm” (Rabiner & Huang 1986)

Recovers the cubic-time “inside 
algorithm” (Baker 1979)

MAPPL

MAPPL

SlicStan: For n = 60, compilation takes 17 minutes.

Marginalization by factorization & variable elimination:  time O(n)

table of  rows22

p(x0, x1, ⋯, xn, zn+1) = ∑
zn

p(zn+1 |zn) ∑
zn−1

⋯∑
z1

p(x1 |z1) p(z2 |z1) ∑
z0

p(z0) p(x0 |z0) p(z1 |z0) ⋯

table of  rows22

table of  rows22

Soundness of information-flow typing via a logical-relations argument

Low-labeled computation behaves irrespective of high-labeled input
Noninterference

x : τ ⊢ t : τ′￼ ⟹ ∫ f(u) [[t]]x↦v1
(du) = ∫ f(u) [[t]]x↦v2

(du)
LH

Compilation preserves semantics

∫v
[[ ]](dv) = [[ ]]

# recursive & probabilistic
def hmm(z0, data) = 
  case data of 
  | nil => return z0 
  | cons x xs => 
    y = hmm(z0, xs) 
    observe x from emit(y) 
    z = sample step(y) 
    return z

# recursive & pure
def hmm(k, z0, data) = 
  case data of 
  | nil => k(z0) 
  | cons x xs => 
    let k’ y = 
      emit(y).p(x) * 
      Σz (step(y).p(z) * k(z)) 
    in hmm(k’, z0, xs)

Compiler correctness


